We consider a one-dimensional elastic membrane, which is pushed by growing filaments. The filaments tend to grow by creating local protrusions in the membrane and this process has surface energy and bending energy costs. Although it is expected that with increasing surface tension and bending rigidity, it should become more difficult to create a protrusion, we find that for a fixed bending rigidity, as the surface tension increases, protrusions are more easily formed. This effect also gives rise to non-trivial dependence of membrane velocity on the surface tension, characterized by a dip and a peak. We explain this unusual phenomenon by studying in detail the interplay of the surface and the bending energy and show that this interplay is responsible for a qualitative shape change of the membrane, which gives rise to the above effect.
I. INTRODUCTION
Inside a cell, actin filaments grow and exert polymerization force on the plasma membrane and create membrane protrusions. This process plays an important role in cell motility [1] [2] [3] [4] [5] [6] [7] . In many experiments, it has been studied how the mechanical properties of the plasma membrane directly affect the formation of membrane protrusion. For example, by artificially increasing the membrane tension in experiments, it has been seen that the rate of protrusion formation goes down, while by decreasing the membrane tension, the rate is found to increase [8, 9] . Although, these studies indicate that the membrane tension is generally an obstacle to protrusion formation, in [10] , it was shown that in certain situations, membrane tension can also enhance protrusions by streamlining actin polymerization in one specific direction.
These studies show it is important to understand how the elastic interactions in the membrane influence the mechanism of protrusion formation and in this rapid communication, we address this question in a simple setting. We model the elastic membrane using the Helfrich Hamiltonian, which is the most commonly used model that includes surface and bending energy of the membrane [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] . We describe the membrane using a one dimensional height field, whose time-evolution is governed by the Helfrich Hamiltonian. Any variation in the height costs energy and a flat membrane corresponds to the lowest energy configuration. We consider the membrane being pushed by few growing filaments, which tend to create protrusions in the membrane that cost energy [27] [28] [29] [30] . As surface tension σ or bending rigidity κ of the membrane is increased, one would expect that protrusion formation should become more difficult, since the energy cost for creating a protrusion ought to go up monotonically with σ and κ. Surprisingly, we find it is not so. For a fixed value of κ, there is a significant range of σ, for which the energy cost actually decreases with σ, which makes protrusion formation easier. More specifically, the surface energy cost for creating a local protrusion in the membrane increases monotonically with σ, as expected, but the bending energy cost shows a peak, which in turn gives rise to a peak in the total energy cost. Not only for cell motility, our finding has potential implications for a wide class of systems, where elastic deformation of a membrane is involved. The fact that we have been able to observe this effect in a simple and general model is encouraging and this opens up the exciting possibility of finding it in many different kinds of systems.
To understand the mechanism behind this intriguing effect, we examine the shape of the membrane near the binding site, where the filament is in contact with the membrane, and show that a qualitative change in the shape is responsible for this. In Fig. 1 , we depict this mechanism. In the limit when both σ and κ are large, the membrane has very slow spatial variation of its height. In this limit, one can neglect higher order derivatives of height and assume the height profile of a local protrusion is almost linear in space, as shown in Fig. 1 by the thin red line. For such a local shape of the membrane, the bending energy (which scales as the square of the second derivative of height) has a non-zero value at the binding site. Everywhere else on the membrane near the binding site, the bending energy is negligible. As σ decreases slightly but still remains large, the shape of the membrane remains qualitatively the same, but the height gradient magnitude now increases (see the blue dotted line in Fig. 1 ) and the bending energy becomes significantly larger at the binding site. To minimize this energy, as σ is lowered further, the membrane shape finally changes qualitatively, and becomes as shown by the black thick line in Fig. 1 , where the peak gets rounded and the height profile also does not remain linear anymore. While the bending energy now is non-zero even away from the binding site, its variation across the membrane happens more gradually. The bending energy cost to create a local protrusion, which is proportional to the fourth derivative of height, is lower for such a configuration. Keeping κ constant at a moderate or large value, as σ is varied, the membrane shape changes qualitatively. The curve at the bottom (top) is for the largest (smallest) σ value.
II. DESCRIPTION OF THE MODEL
Our system consists of a set of N parallel filaments growing against a membrane as shown in Fig. 2 . The membrane is described by a height profile {h i }, defined on a one dimensional lattice of length L with lattice constant unity. We assume periodic boundary condition h i = h i+L on the lattice. In the absence of any external force, the height profile of the membrane follows an equilibrium dynamics with the Helfrich Hamiltonian, which is standardly used to describe the height fluctuations of a plasma membrane [12, [14] [15] [16] . This Hamiltonian consists of surface interaction and bending interaction of the membrane and in our lattice model, it has the form [29] [30] [31] [32] 
where σ is proportional to the surface tension and κ to the bending rigidity. Both of these parameters have dimensions of energy/length 2 , as follows from the above equation. In Eq.
(1), we have neglected the non-linear terms, which can be justified if the magnitude of height gradient everywhere on the membrane is much less than unity [24, 33, 34] . The size of a typical eukaryotic cell is about a few tens of micrometers [35] , which can be compared with the size of our membrane patch. The horizontal distance between two consecutive lattice sites in our model can be taken to be 1/L times the size of the membrane. The vertical height difference between two consecutive lattice sites is in the scale of nanometers, set by the size of an actin monomer. Thus, height gradient remains small and the linear approximation for the Hamiltonian in Eq. (1) remains valid.
It follows from Eq. (1) that the minimum energy configuration is reached when the membrane is completely flat, i.e. h i the same for all i. For a finite temperature, the membrane undergoes thermal fluctuations, as a result of whichOne additional constraint that the system must obey is that the height of the membrane at the binding sites should be such that the membrane always stays above the filament tips (as shown in Fig. 2 ). Any height fluctuation that brings a binding site at a lower height than the filament tip, is forbidden. As long as this constraint is satisfied, the update rules can be chosen following local detailed balance R + /R − = e −βǫ , where R + is the rate of a process that has a positive energy cost ǫ and R − is the rate of the reverse process. The filaments are modeled as rigid rod-like polymers, composed of monomers of length d [27, [36] [37] [38] . In Fig. 2 , we have represented the filaments using dashed lines, each dash denoting a monomer. A (de)polymerization event increases (decreases) the length of a filament by an amount d. For the sake of simplicity, we have used d = δ here [also see Eq. (2)]. In Sec. VII of [39] , we have included our data for the d = δ case. There are two types of filaments in our model: a free filament, which is not in contact with the membrane, and a bound filament, whose tip is in contact with the membrane site [27, 36, 37, 40] . The point of contact is referred to as a binding site. For a free filament, polymerization happens with rate U 0 . For a bound filament, however, a polymerization process increases the height of the binding site by an amount d and hence there is an energy cost involved in this process. For a positive (negative) energy cost, the bound filament polymerization rate is taken to be U 0 R + (U 0 R − ), while for zero energy cost, the rate is simply U 0 . The depolymerization rate of the filament is equal to W 0 always, as it does not involve any membrane movement. Note that, in the absence of any polymerization force from the filaments, the membrane tends to stay flat and this aspect is somewhat similar to lamellipodial protrusions, rather than filopodial protrusions observed in a cell. In our simulation, each Monte Carlo step consists of L membrane updates and N filament updates. The detailed simulation algorithm has been presented in Sec. I of [39] .
III. RESULTS
We present our results in this section. As mentioned in the Introduction, our main result is the non-monotonic variation of the membrane velocity as a function of σ. We first present our simulation data showing this effect and then we show how this non-trivial behavior can be explained from detailed measurement of the energy cost and the shape of the membrane. We show our results for a single filament (N = 1) here. Most of our conclusions remain valid even for the case of multiple filaments, if the filament density is not too high.
A. Membrane velocity shows a dip and a peak with σ Pushed by the growing filaments, the membrane develops an average velocity. In Fig. 3 , we present our data for the variation of membrane velocity V as a function of the surface tension σ, for a fixed value of bending rigidity κ. We find that for small κ, velocity decreases monotonically with σ, as expected [27] . However, as κ is held fixed at a moderate or large value, V shows a rich behavior: starting with a non-zero value at σ = 0, V first decreases with σ and reaches a minimum and then it increases to reach a maximum before finally decreasing exponentially for large σ. While this non-monotonic behavior is in general interesting [27] , the most intriguing observation here is that, there is a range of σ for which V grows with σ. This growth is counter-intuitive because one generally expects that with increasing surface tension, it should become more difficult for the filament to push the membrane. As we show in the following section, this expectation in fact breaks down. 2 . Here, for all the plots, we use L = 64. The filament depolymerization rate, W0 = 1.4s −1 [1, 40, 41] , the free filament polymerization rate, U0 = 2.784s −1 [1, 40, 41] , the monomer size is d = δ = 2.7nm [1, 40, 42] , β = 1/kBT , and we have used T = 300K.
The data in Fig. 3 is for a fixed L value. We have checked that as L is increased, V ∼ 1/L, but the peak position does not depend on L for sufficiently large L values. As L becomes small, the peak in the V − σ plot shifts to lower σ values with decreasing L (Fig. S-5 of [39] ). is found to show a peak. Moreover, this peak appears for relatively small σ values, when the total energy cost is actually controlled by the bending interaction. As a result, E + b also shows a peak and immediately after the peak, there is a range of σ values, for which energy cost decreases with σ, contrary to the normal intuition. Finally, for very large σ, when the membrane is almost flat, K Although, it seems quite surprising that energy cost shows non-monotonic variation with σ, this effect can be very simply explained from the consideration of the membrane shape near the binding site. For very large σ and κ, the membrane remains almost flat and higher order derivatives of height can be ignored and one can assume an almost linear height variation around the binding site. We check this explicitly in our simulations [see Fig. 5(a) ]. Note that, here we only present the height profile near the binding site and far away from this point, height variation does not remain linear anymore, the profile gradually flattens out. However, this part of the membrane does not influence the energy cost near the binding site. In the region around the binding site, where the height profile is linear, the bending energy, which depends on the second derivative of height, has a non-zero value only at the binding site, and zero elsewhere. Keeping κ fixed at large value, as we lower σ, the qualitative shape of the membrane remains similar, but the magnitude of the height gradient is now larger [ Fig. 5(b) ]. This, however, gives rise to a very high bending energy around the binding site, since height gradient changes sharply from a large positive value to a large negative value across the binding site. Therefore, as σ is lowered further, such a membrane shape becomes unsustainable and instead a shape shown in Fig. 5(c) is observed, where the height gradient does not change so sharply but varies more slowly in space. Such a membrane shape stores less bending energy than the one with a linear height variation. In Sec. III of [39] , we have also included an approximate analytical explanation of this effect, where we analytically calculated the membrane shape, adapting a simplified description outlined in [43] . With the above picture in mind, it is now easy to understand the variation of the fourth derivative of height (that determines the bending energy required to create a protrusion) at the binding site. In the configuration shown in Fig.  5(a) , the second derivative has a negative value at the binding site and zero elsewhere in its neighborhood. As we lower σ, the configuration changes to what is shown in Fig. 5(b) and the magnitude of the second derivative at the binding site increases, i.e. the minimum in h ′′ i is now sharper. This will increase its curvature, i.e. the fourth derivative at the binding site. However, as the membrane shape changes to Fig. 5(c) for even lower σ, h ′′ i now has a non-zero (negative) value even some distance away from the binding site, since the height profile is not linear anymore. Around the binding site, h ′′ i now varies more gradually and while it still has a minimum at the binding site, the minimum is not as sharp. This corresponds to a lower curvature and the fourth derivative decreases in magnitude. We show this explicitly in Fig. 5(d) .
However, when κ is small, the above effect is absent. Since the bending energy is actually responsible for the change in membrane shape and for small κ, the bending energy is just not significant enough to bring about this change. In this case, the membrane height profile around the binding site remains linear for all σ values and the fourth derivative falls monotonically with σ [39] . As a result, energy cost and velocity varies monotonically with σ (see Figs. S-1 and S-3 in [39] ).
C. A more quantitative explanation of the full V − σ curve
In the previous section, we have offered a simple qualitative explanation of how the energy cost for creating a protrusion shows a peak with σ, for large values of κ. This makes it plausible that V can also show a similar peak, since pushing the membrane upward becomes easier as σ is increased within a certain range. However, the net membrane velocity results from both upward and downward movements of the membrane and in this section, we present a more quantitative and detailed calculation, that explains the full V − σ curve, along with its maximum and minimum.
The membrane being in steady state, its average velocity should be the same at all sites and below, we write down the expression for velocity at the binding site b. For large κ, height gradients at the binding site are small and hence energy costs E ± b are positive [also see Eq. (2)], which gives
where p 0 is the contact probability of the filament tip with the membrane. The first term in Eq. (3) corresponds to the bound filament polymerization. The second and third terms represent thermal fluctuation of the membrane height at the binding site. Here, we have used the fact that h b can always increase with rate e −βE + b , but it can decrease only when the filament is not bound to the membrane.
As explained in Eq. (2), E
) is the energy cost for increasing (decreasing) h b by an amount δ, and generally it depends on the local configuration around the binding site. Here, we use the approximation that E ± b may be replaced by their average values (to keep our notations simpler, we have used the same symbol for the average quantities as well). We have also checked that (data not shown here) as long as κ is not too small, the contact probability p 0 does not show much variation and remains close to 1/2, its value for a rigid barrier [27] .
For large κ and small σ, the surface energy cost is much smaller than the bending energy cost and we can replace E ± b ≈ K ± b and this gives
It is easy to see from the above expression that as h ′′′′ b first increases with σ, reaches a peak and then decreases, V also initially decreases with σ, reaches a minimum, and then starts increasing. As σ increases further, it is not possible to neglect the elastic energy anymore and Eq. (4) does not remain valid. However, in this case, both σ and κ are large, and the magnitudes of h 
where V decreases exponentially with σ. We verify this from our numerical simulation (Fig. 3, right inset) . The exponential decay constant numerically observed is 3.6, which is close to the analytically predicted value 2βδ 2 ≃ 3.52. When κ is held fixed at a larger value, the exponential decay in Eq. (5) starts at a smaller value of σ, since the height derivatives become negligible already. This is why the peak position σ * shifts towards smaller values as κ increases (Fig. 3, left inset) .
IV. DISCUSSIONS
Throughout this rapid communication, we have limited our studies to one dimension and it is an important question whether our conclusions remain valid for a two dimensional membrane as well. Generalizing Eqs. (1) and (2) for the two dimensional case, it can be shown that the bending energy cost is much higher in this case, which slows down the time evolution for moderate or high values of κ. Although, for small κ values we have been able to verify (data not shown here) that V decreases monotonically with σ, as found in the one dimensional system, higher κ values remain numerically inaccessible to us. More research is needed to conclude with certainty if non-monotonic variation of V with σ for high κ values persists in the two dimensional model as well.
It should be possible to experimentally verify our conclusions. One direct and perhaps the simplest measurement would be to measure the membrane velocity for different values of σ and κ [44] [45] [46] and see whether a non-monotonicity as shown in Fig. 3 can be found. The energy scales involved in our simulations are actually comparable to physical systems. For example, the increase of V with σ that we observe for high κ, corresponds to the surface energy varying in the range of 0.5 to 2 (10 −19 J) and the bending energy lies in between 1 and 3.5 (10 −19 J). These values are within the experimentally observed ranges for flexible membranes [47] . Although, in real systems, many other factors, apart from surface energy-bending energy interplay, are relevant, it would be interesting to see whether this basic signature of a protrusion formation mechanism can still be found.
Supplementary Material: Interplay between surface and bending energy helps membrane protrusion formation
I. DETAILS OF SIMULATIONS
We perform simulations using kinetic Monte Carlo technique. Any height fluctuation that causes a positive energy cost E, will occur with rate R + and the reverse movement will occur with rate R − , that satisfies a local detailed balance, i.e., R + /R − = e −βE . We choose the rates using Metropolis algorithm. For example, if the movement of a membrane site is associated with an energy cost E, then for E > 0, the rate will be e −βE and for E ≤ 0, the rate will be unity. We define the relative time scale between the filament dynamics and the membrane dynamics by a parameter S. In a system that consists of N filaments and L membrane sites, a single Monte Carlo time-step will consists of N filament updates and S independent membrane site updates. More specifically, for N < S, we first choose a filament at random and perform polymerization or depolymerization dynamics. Then we choose S/N membrane sites in random sequential order and update them. We repeat this process N times, which completes one Monte Carlo step. Similarly, for N > S, we first perform N/S filament updates and then choose one membrane site at random and update it; repeating this process S times completes one Monte Carlo step. Note that a bound filament polymerization also updates the height of the binding site. We start with an initial condition, where the membrane is flat and all filaments are of length d (i.e., each filament consists of only one monomer). The system undergoes time-evolution and after a large number of Monte Carlo steps when the system reaches steady state, we perform our measurements. In the main paper, we have shown data for S/L = 1. In the following section we consider the effect of varying S.
II. SHAPE OF THE MEMBRANE FOR SMALL κ
We show the shape of the membrane for small κ(= 0.01pN/nm) in Fig. S-1(a-c) . We note that the shape of the membrane remains linear for small as well as large values of σ. The fourth derivative at the binding site (h ′′′′ b ) decreases monotonically with σ ( Fig. S-1(d) ). 
III. ANALYTICAL CALCULATION OF MEMBRANE SHAPE
It is possible to give an approximate analytical explanation behind the qualitative change in the membrane protrusion, shown in Figs. 5(a)-(c) of the main paper. The time-evolution equation of a height field of a flexible membrane in presence of an external point force F can be written as [43] 
where η(x, t) is the thermal white noise. Note that in our system the force is being applied by the moving filament tip and we also have the additional constraint that the binding site must stay above the filament tip. A point force with a constant magnitude, as in Eq. S-1, does not capture these aspects. But this equation is still useful to understand analytically the effect shown in Fig 5 of the main paper.
In the long time limit, the left hand side of the Eq. S-1 can be replaced by the velocity V of the membrane. In the co-moving frame, it is possible to analytically solve for the average height at a distance x from the binding site and this solution has the form
In Fig. S-2 we plot the average shape of the membrane for various values of σ and κ and we see similar change in shape, as shown in Fig. 5 of the main paper. 
IV. κ − V CURVES ARE MONOTONIC FOR ANY σ
Although V shows minimum and maximum as a function of σ, when we plot V against κ with σ held fixed, we find that V decreases monotonically with κ. We present our data in Fig. S-3 . As seen in our earlier explanation, the non-monotonic variation in V is associated with non-monotonicity in the energy cost E 
V. FASTER MEMBRANE DYNAMICS LOWERS σ *
The relative time-scale between the thermal fluctuation of the membrane and the filament (de)polymerization affects the qualitative shape of the V − σ curve [27, 36, 37] . So far we considered the case when both these time-scales are same, S/L = 1. In Fig. S-4 we show the data for different values of S/L. It is clear from the data that the curves depend strongly on S/L. In particular, the peak position shifts towards smaller values as S/L increases (see inset of Fig. S-4) . As explained in the previous sub-section, the peak position σ * marks the onset of exponential decay of V for large σ which corresponds to the situation when the membrane is almost flat and the height derivatives can be neglected. When S/L ≪ 1, the membrane dynamics is much slower. Thus any local protrusion that is created by the filament at the binding site, persists for a long time before the neighboring sites can adjust their height and flatten the membrane again. Therefore, σ * is pushed to larger values. On the other hand, when S/L ≫ 1, membrane fluctuations are much faster, and in between two filament-moves the membrane gets enough time to relax and become almost flat, which effectively lowers the value of σ * . 
VI. σ − V CURVE FOR DIFFERENT VALUES OF MEMBRANE SIZE (L)
We measure σ − V curves for different values of L. We note that for large L, σ − V curves collapse for different L if we scale velocity by 1/L, for both the small and large κ (Fig. S-5) . Since, the binding site is only the site that is being pushed by the filament and the dynamics of other sites just follow the local detail balance, the overall velocity of the membrane is generated by the drive present at the binding site. This is the reason why the velocity scales as 1/L. Since, velocity scales with 1/L for large L, it is expected that the value of σ * will also be independent of L. However, for small L, membrane velocity does not scale with 1/L, and σ * is found to shift towards smaller σ as L decreases. We plot σ * as a function of L in Fig. S-5 , bottom inset and explicitly show this.
VII. RESULTS FOR δ < d CASE
In this section, we present the data for the case when step length δ of thermal fluctuation of the membrane is smaller than actin monomer length d. In Fig. S-6 , we plot σ − V curves for different values of d/δ when κ is held constant at a large value. We find even in this case V shows a peak as a function of σ, but the minimum of V that precedes the peak for d = δ case is not observed for d > δ. Comparing quantitative level, we also find that the peak of V appears for higher values of σ and κ as d/δ is increased. To explain the origin of the peak in V in this case, let us first consider d/δ = 2 and our argument can be easily generalized to higher values of this ratio. We write down the equation analogous to Eq. 3 of the main paper as where E ± b (nδ) is the average energy cost when the binding site height is changed by ±nδ, with n = 1, 2 and p 1 denotes the probability that the filament tip is at a distance δ from the binding site. Note that in this case the filament polymerization can push the membrane upward by an amount δ or 2δ. For the parameter range used in our simulations, E + b (2δ) >> E + b (δ) and hence we can neglect the first term in Eq. S-3. The inset plot in Fig. S-6 shows the variation of E + b (δ) and E − b (δ) with σ and while these two quantities merge at large σ, for small σ values E − b (δ) increases faster. This means the rate of negative displacement of the membrane decreases faster and this explains the rise of V with σ. For large σ, membrane is almost flat and V decreases exponentially as in the case of d = δ, discussed in main paper. Our measurement (data not shown here) of average shape of the membrane shows qualitatively similar behavior as shown in Fig. 5 of the main paper. However, unlike d = δ case, to explain the peak in V here, it is not enough to just consider upward membrane displacement, but the interplay between upward and downward displacements need to be included.
